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BANACH SPACE ACTIONS AND L2-SPECTRAL GAP
TIM DE LAAT AND MIKAEL DE LA SALLE
Abstract. Żuk proved that if a finitely generated group admits a Cayley
graph such that the Laplacian on the links of this Cayley graph has a spectral
gap > 1
2
, then the group has property (T), or equivalently, every affine iso-
metric action of the group on a Hilbert space has a fixed point. We prove that
the same holds for affine isometric actions of the group on a uniformly curved
Banach space (for example an Lp-space with 1 < p < ∞ or an interpolation
space between a Hilbert space and an arbitrary Banach space) as soon as the
Laplacian on the links has a two-sided spectral gap > 1− ε.
This criterion applies to random groups in the triangular density model for
densities > 1
3
. In this way, we are able to generalize recent results of Druţu
and Mackay to affine isometric actions of random groups on uniformly curved
Banach spaces. Also, in the setting of actions on Lp-spaces, our results are
quantitatively stronger, even in the case p = 2. This naturally leads to new
estimates on the conformal dimension of the boundary of random groups in
the triangular model.
Additionally, we obtain results on the eigenvalues of the p-Laplacian on
graphs, and on the spectrum and degree distribution of Erdős-Rényi graphs.
1. Introduction and main results
1.1. Introduction. Fixed point properties for group actions on metric spaces,
e.g. Banach spaces or non-positively curved spaces, are natural rigidity properties
that contribute to the understanding of both groups and the spaces on which they
act. When considering actions on Banach spaces, the natural actions to consider
are affine isometric actions. Given a Banach space X , a topological group is said
to have property (FX) if every continuous affine isometric action of the group on
X has a fixed point. In this article, we deal with fixed point properties for count-
able discrete groups. In this setting, every affine isometric action is automatically
continuous.
Property (FX) was introduced by Bader, Furman, Gelander and Monod [2] as a
Banach space version of Serre’s property (FH). A topological group has property
(FH) if every continuous affine isometric action of the group on a Hilbert space
has a fixed point. It is well known that a countable group has property (FH) if
and only if it has property (T), which is a rigidity property for groups that was
introduced by Kazhdan [23]. A group has property (T) if its trivial representation
is isolated in the unitary dual of the group equipped with the Fell topology. Both
property (T) and property (FH) have lead to striking results in several areas of
mathematics, e.g. group theory, combinatorics, ergodic theory, dynamical systems,
measure theory and operator algebras. We refer to [6] for a detailed account of
property (T) and property (FH).
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Partly because of the aforementioned connections to different areas of math-
ematics, recent years have seen a growing interest in Banach space versions of
both fixed point properties and property (T). Alongside property (FX), as recalled
above, Bader, Furman, Gelander and Monod also defined a Banach space version
of property (T), which is called property (TX) and is in general weaker than prop-
erty (FX) (see [2, Theorem 1.3]). Another notable Banach space strengthening of
property (T) is strong property (T), which Lafforgue introduced in his work on the
Baum-Connes conjecture [27, 28]. He essentially proved that if a group has strong
property (T) relative to a Banach space X ⊕C, then the group has property (FX).
The most straightforward non-Hilbertian Banach spaces to consider are Lp-
spaces, with p 6= 2. For 1 ≤ p < ∞, a countable group is said to have property
(FLp) if every affine isometric action of the group on an Lp-space has a fixed point.
It is known that property (T) implies property (FLp) for p ∈ [1, 2+ε), where ε may
depend on the group (see [2, Theorem 1.3] (and also [16]) for the case p ∈ (1, 2+ ε)
and [3, Corollary D] for p = 1). In several cases, there are explicit lower bounds on
ε (see [10, 40, 17]). On the other hand, there are groups with property (T) that are
known to fail property (FLp) for large p [42, 12, 48, 15], e.g. cocompact lattices in
Sp(n, 1). However, (lattices in) connected simple higher-rank Lie groups and (lat-
tices in) connected simple higher-rank algebraic groups over non-Archimedean local
fields have property (FLp) for all p ∈ [1,∞) (see [2, Theorem B] and [3, Corollary
D]). Similar results have been established for universal lattices [34].
Bader, Furman, Gelander and Monod conjectured that (lattices in) connected
simple higher-rank Lie groups and (lattices in) connected simple higher-rank al-
gebraic groups over non-Archimedean local fields have property (FX) for every su-
perreflexive Banach space X [2, Conjecture 1.6]. This conjecture has been proved
in the non-Archimedean setting [27, 29], and in the real and complex case, par-
tial results have been obtained [47, 26, 25]. Other results that show fixed point
properties by means of an appropriate strengthening of property (T) were obtained
by Oppenheim [40]. His examples include certain groups acting on buildings and
Kac-Moody-Steinberg groups.
Another effective way of establishing fixed point properties or property (T) for a
group is by means of spectral conditions on the links of vertices of certain simplicial
complexes on which the group acts. The idea of this method goes back to [19] and
was further developed in [43, 49, 50, 4] in order to provide criteria to establish
property (T). Nowadays, the most well-known spectral criterion for property (T)
may be the one due to Żuk [50], asserting that if Γ is a finitely generated group
with finite symmetric generating set S (with 1 /∈ S) such that the link graph L(S)
associated with S is connected and the smallest non-zero eigenvalue of the Laplacian
on L(S) is strictly larger than 12 , then Γ has property (T).
In recent years, certain local criteria for fixed point properties for group actions
on Banach spaces have been established, by Bourdon [10] for actions on Lp-spaces,
and by Nowak [37] and by Oppenheim [39] for actions on reflexive spaces. Oppen-
heim also explains that the assumption of reflexivity is not needed in his approach,
and his proof is elementary.
The use of spectral criteria is particularly beneficial when considering random
groups. The framework of random groups provides ways to consider finitely presen-
ted groups in which the relators are chosen at random according to some prescribed
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probability measure on the set of all possible words in the generating set. The the-
ory of random groups goes back to [20], in which Gromov introduced what is now
called the Gromov density model G(n, l, d) (see also [21]), in which the density d is
a parameter that controls the number of relators. It was proved by Gromov that
for d < 12 , a random group in G(n, l, d) is infinite and hyperbolic with overwhelm-
ing probability (w.o.p.), whereas for d ≥ 12 , a group in G(n, l, d) is trivial or Z2
w.o.p. [20] (see also [38]). The study of property (T) for random groups was initi-
ated by Żuk [50]. By using his aforementioned criterion, he proved that for d > 13 ,
a random group in the triangular density model M(m, d), which is an adaptation
of the Gromov density model that is particularly suitable for the use of the spectral
criterion, has property (T) w.o.p. The fact that for d > 13 , a group in the Gromov
density model G(n, l, d) has property (T) w.o.p., was proved in detail in [24].
Fixed point properties for actions of random groups on Lp-spaces were first con-
sidered by Nowak, by applying his spectral criterion mentioned above [37, Section
6]. Moreover, in a recent article, Druţu and Mackay made substantial contributions
to the understanding of property (FLp) in the setting of random groups [17]. The
main part of their argument consists of establishing new bounds on the first positive
eigenvalue of the p-Laplacian on random graphs. By applying Bourdon’s criterion,
they obtain fixed point properties of actions of random groups on Lp-spaces. In fact,
Druţu and Mackay do not restrict to actions on Lp-spaces, but consider the more
general setting of actions on Banach spaces whose finite-dimensional subspaces are
α-isomorphic to a subspace of an Lp-space, with α < 2
1
2p < 1.19. Additionally, their
results lead to quantitative results on the conformal dimension of the boundary of
random groups. We will elaborate more on their results below.
1.2. Statement of the main results. The aim of this article is two-fold. First
we establish a criterion for groups that ensures that every affine isometric action
of the group on a given uniformly curved Banach space has a fixed point. Uni-
form curvedness is a property introduced by Pisier (see Section 2.4). Examples of
uniformly curved spaces are Lp-spaces with 1 < p < ∞ and interpolation spaces
between a Hilbert space and an arbitrary Banach space, i.e. strictly θ-Hilbertian
spaces. Uniform curvedness is stable under renorming and finite representability.
Second, we apply our spectral criterion to random groups in the triangular dens-
ity model, giving the first results on fixed point properties for actions of random
groups on Banach spaces that are very different from Lp-spaces. Also, in the setting
of Lp-spaces (even in the case p = 2), our results strengthen the known results on
fixed point properties of random groups in the triangular density model. We also
establish new quantitative results on the conformal dimension of the boundary of
random groups.
We only consider complex Banach spaces, but is is straightforward to formulate
our results in the setting of real Banach spaces.
In what follows, if G = (V, ω) is a connected finite (weighted) graph, we denote by
AG the Markov operator of the random walk on G (see Section 3 for the definition).
Theorem A. Let X be a uniformly curved Banach space. Then there exists an
ε(X) > 0 such that the following holds: If Γ is a group that admits a properly
discontinuous cocompact action by simplicial automorphisms on a locally finite
simplicial 2-complexM such that for all its links L, we have ‖AL‖B(L20(L,ν)) < ε(X),
then Γ has property (FX).
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Theorem A provides a widely applicable criterion for fixed point properties for
finitely presented groups, since such groups naturally act on the Cayley complex
associated with the presentation. For general uniformly curved spaces, Theorem
A relies on Pisier’s renorming theorem [44]. However, in many concrete examples
of spaces X , our proof is entirely self-contained and we have explicit estimates for
ε(X) (see Remark 5.2).
Theorem A is a direct analogue of Żuk’s spectral criterion mentioned above,
since the condition ‖AL‖B(L20(L,ν)) < ε means that the spectrum of AL, apart from
a simple eigenvalue 1, is contained in (−ε, ε), or equivalently, that the spectrum of
the Laplacian on L, apart from a simple eigenvalue 0, is contained in (1− ε, 1+ ε).
This condition can be viewed as a two-sided spectral gap.
One significant advantage of our spectral criterion is that it is entirely Hilbertian:
It only relies on the eigenvalues of the (2-)Laplacian, although the conclusion is on
fixed point properties on uniformly curved spaces. In fact, as a corollary, we obtain
bounds on the first positive eigenvalue of the p-Laplacian for other values of p, by
means of interpolation (see Theorem 3.11).
Theorem A follows from the following more general criterion for fixed point
properties that we prove, which is formulated in terms of the norm of the Markov
operator acting on vector-valued Lp-spaces.
Theorem B. Let 1 < p < ∞, and let X be a superreflexive Banach space. Then
there exists an ε′ = ε′(p,X) > 0 such that the following holds: If Γ is a group that
admits a properly discontinuous cocompact action by simplicial automorphisms
on a locally finite simplicial 2-complex M such that for all its links L, we have
‖AL‖B(Lp0(L,ν;X)) < ε′, then Γ has property (FX).
In the proof of Theorem B, working with the Markov operator rather than the
Laplacian makes a real difference, since one can use interpolation techniques.
The essential part of the proof of Theorem B is to derive a p-Poincaré inequality
with small constant from the fact that the Markov operator has small norm. From
that point, the result follows from the proof of the aforementioned result of Bourdon
or from the result of Oppenheim. For completeness, we also present an elementary
proof of the fact that Poincaré inequalities give rise to fixed points (see Theorem
4.1). The line of proof is similar to Oppenheim’s proof, and we claim no originality
at this point.
As mentioned above, the second aim of this article is to apply our spectral
criterion to random groups in the triangular density model. In the general setting
of uniformly curved spaces, we obtain the following result.
Theorem C. Let η > 0. There is a constant C > 0 and a sequence (um) of
positive real numbers tending to 0 such that the following holds: For every m ∈ N
and d ∈ (0, 1) satisfying
(1) d ≥ 1
3
+
log logm− log(2− η)
3 logm
,
with probability ≥ 1 − um, a group in M(m, d) has property (FX) for every uni-
formly curved space satisfying ε(X) ≥
√
Cm
(2m−1)3d
. In particular, the latter is the
case when ε(X) ≥
√
C
logm .
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In the setting of Lp-spaces, θ-Hilbertian spaces with θ = 2
p
or Banach spaces
α-isomorphic to a subquotient of a θ-Hilbertian space with θ = 2
p
, we obtain the
following result.
Corollary D. Let η > 0. There is a sequence (um) of positive real numbers tending
to 0 such that the following holds: For every integer m and d ∈ (0, 1) satisfying
d ≥ 1
3
+
log logm− log(2− η)
3 logm
,
with probability ≥ 1− um, a group in M(m, d) has
(1) property (FLp) for every p ∈
[
2,
√
(3d−1) logm
η+log 2
]
;
(2) property (FX) for every X that is α-isomorphic to a subquotient of a 2p -
Hilbertian space with p ∈
[
2,
√
(3d−1) logm
η+log(2α) − 12
]
.
Equation (1) is an improvement of the results by Druţu and Mackay. In-
deed, in [17, Corollary 1.7], an analogous statement was proved for p in the range[
2, C
(
logm
log logm
) 1
2
]
and for d > 13 independent from m, with weaker results for a
slightly larger range of d ≥ 13 (see also [17, Remark 9.5]). Corollary D is even
new for p = 2 (corresponding to property (T)). Indeed, before it was only known
that random groups in M(m, d) have property (T) with probability 1− o(1) in the
regime
d ≥ 1
3
+
log logm+ ζ
3 logm
for some constant ζ > 0 (see [1]).
Our results on fixed point properties of actions on Lp-spaces naturally lead to new
estimates on the conformal dimension. The conformal dimensional Confdim(∂∞Γ)
of the boundary ∂∞Γ of a hyperbolic group Γ is a canonically defined quasi-isometry
invariant, which was introduced by Pansu [41] (see also [30]). Relying on a result
of Bourdon (see [11]), we obtain, along the same lines as Druţu and Mackay, the
following strengthening of the lower bound in [17, Theorem 1.11] as an immediate
consequence of Corollary D.
Corollary E. Let η > 0. There is a sequence (um) of positive real numbers tending
to 0 such that the following holds: For every integer m and d ∈ (0, 1) satisfying
d ≥ 1
3
+
log logm− log(2− η)
3 logm
,
with probability ≥ 1− um, a group in M(m, d) is hyperbolic and satisfies(
(3d− 1) logm
η + log 2
) 1
2
≤ Confdim(∂∞(Γ)).
1.3. Relation to other work. In an earlier version of this article, we applied our
criterion, i.e. Theorem A, to another model of random groups. Indeed, we followed
the approach of [24] and obtained the following result, which is much weaker than
Theorem C.
Proposition 1.1. Let X be a uniformly curved Banach space. For every density
d > 13 , a random group in the triangular modelM(m, d) has property (FX) w.o.p.,
that is
lim
m→∞
P(Γ in M(m, d) has (FX)) = 1.
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The novelty of this result was mainly the fact that we obtained fixed point
properties for actions of random groups on Banach spaces very different from Lp-
spaces, but in the setting of Lp-spaces, Proposition 1.1 is weaker than the results
of [17].
After this earlier version, it was suggested to us by Druţu and Mackay to work
with the binomial triangular model for random groups and Erdős-Rényi graphs
rather than following the approach of [24]. They expected (see [17, Section 1.4])
that this would give results that are quantitative improvements of their results,
which, as explained in Section 1.2, indeed turns out to be the case.
In [17], Druţu and Mackay also obtained results for random groups in the Gromov
density model and for the critical density d = 13 . We expect that our results can
be transferred to these settings as well.
1.4. Organization of the article. The article is organized as follows. Section
2 covers some preliminaries on the geometry of Banach spaces. In Section 3, we
explain how small Markov operators give rise to Poincaré inequalities. This section
also includes some new results that may be of independent interest. In particular,
we prove some bounds on the eigenvalues of p-Laplacians. In Section 4, we explain
how Poincaré inequalities give rise to fixed points. Theorem B and Theorem A
are proved in Section 5. In order to prove Theorem C, we first establish some new
results on the spectrum and degree distribution of Erdős-Rényi graphs in Section 6.
These may be of independent interest. Fixed point properties for random groups
are investigated in Section 7. In particular, Theorem C and Corollary D are proved
in that section.
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2. Preliminaries on Banach spaces
2.1. Superreflexivity and uniform convexity. A Banach space Y is said to be
finitely representable in a Banach space X if for every finite-dimensional subspace
U of Y and every ε > 0, there exists a subspace V of X such that d(U, V ) < 1 + ε,
where d is the Banach–Mazur distance. A Banach space X is called superreflexive
if every Banach space that is finitely representable in X is reflexive. Equivalently,
a Banach space X is superreflexive if and only if all its ultrapowers are reflexive.
A Banach space X is uniformly convex if
δX(ε) := inf
{
1− ‖x+ y‖
2
∣∣∣∣∣ ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε
}
> 0
for all ε ∈ (0, 2]. The function δX is called the modulus of convexity of X .
Every uniformly convex Banach space is superreflexive, and every superreflexive
Banach space admits an equivalent uniformly convex norm [18].
Let p ∈ [2,∞). A Banach space X is called p-uniformly convex if there exists
a C > 0 such that δX(ε) ≥ Cεp for all ε ∈ (0, 2]. By a famous theorem of Pisier
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[44], every uniformly convex Banach space has an equivalent norm with respect to
which it is p-uniformly convex for some p ∈ [2,∞).
It follows from [33, Lemma 6.5] that if X is a p-uniformly convex space, then
there exists a constant C > 0 such that for every X-valued random variable U ,
(2) ‖E[U ]‖p + C E[‖U − E[U ]‖p] ≤ E[‖U‖p].
It is well known that if X is an Lp-space with p ≥ 2 or, more generally, a strictly
θ-Hilbertian space with θ = 2
p
(see Section 2.3), then X is p-uniformly convex. In
the case of strictly θ-Hilbertian spaces, (2) holds with C = 41−
1
θ (Proposition 2.1).
2.2. Complex interpolation. We refer to [8] and [46] for details on complex in-
terpolation for compatible couples of (complex) Banach spaces. We recall that a
compatible couple (X0, X1) of Banach spaces is a pair of Banach spaces together
with continuous linear embeddings from X0 and X1 into the same topological vec-
tor space X , which can always be assumed to be a Banach space. Complex in-
terpolation is a way to assign to such a couple (X0, X1) a family (Xθ)θ∈[0,1] of
Banach spaces (subspaces of X ) that interpolate between X0 and X1. For ex-
ample, if (Ω, µ) is a measure space and (X0, X1) = (Lp0(Ω, µ), Lp1(Ω, µ)) (seen as
subspaces of the topological vector space of all measurable maps from Ω to C),
then Xθ is the space Lpθ (Ω, µ), where 1pθ =
1−θ
p0
+ θ
p1
. More generally, if (X0, X1)
is a compatible couple, then the complex interpolation space of parameter θ for
the couple (Lp0(Ω, µ;X0), Lp1(Ω, µ;X1)) is Lpθ(Ω, µ;Xθ). A fundamental property
of complex interpolation is Stein’s interpolation theorem, which roughly says the
following: If (X0, X1) and (Y0, Y1) are compatible couples and if there is a holo-
morphic family of linear operators Tz : X0 + X1 → Y0 + Y1, with Re(z) ∈ [0, 1],
such that for all z with Re(z) ∈ {0, 1}, we have ‖Tz : XRe(z) → YRe(z)‖ ≤ 1, then
‖Tz : XRe(z) → YRe(z)‖ ≤ 1 for all z with Re(z) ∈ [0, 1].
2.3. θ-Hilbertian spaces. A strictly θ-Hilbertian space is a Banach space that
can be written as an interpolation space (X0, X1)θ, where X1 is a Hilbert space
and θ ∈ (0, 1] (see [45]). Lp-spaces are clearly strictly θ-Hilbertian: If X is an
Lp-space with p ≥ 2, then X = (X0, X1)θ, where X0 = L∞, X1 = L2 and θ = 2p .
In the setting of strictly θ-Hilbertian spaces, we can derive (2) with an explicit
constant C.
Proposition 2.1. IfX is isometric to a subquotient of a strictly θ-Hilbertian space,
then (2) holds with C = 41−
1
θ .
Proof. If Y is a subquotient ofX , then the best constant in (2) is smaller for Y than
for X . Therefore, it is sufficient to consider the case when X is strictly θ-Hilbertian.
Consider a complex interpolation space X = (X0, X1)θ between a Hilbert space X1
and an arbitrary Banach space X0, continuously embedded into the same Banach
space X . Fix a probability space (Ω, µ), and consider the holomorphic family
Tz : U ∈ L1(Ω;X ) 7→ (E[U ], 2z−1(U − E[U ])) ∈ X ⊕ L1(Ω;X ). If Re(z) = 0, then
we have ‖Tz : L∞(Ω;X0) → X0 ⊕∞ L∞(Ω;X0)‖ ≤ 1, and for Re(z) = 1, we have
‖Tz : L2(Ω;X1) → X1 ⊕2 L2(Ω;X1)‖ ≤ 1. By the results recalled in Section 2.2,
the complex interpolation space of parameter θ between L∞(Ω;X0) and L2(Ω;X1)
(respectively X0 ⊕∞ L∞(Ω;X0) and X1 ⊕2 L2(Ω;X1)) is Lpθ (Ω;Xθ) (respectively
Xθ ⊕pθ Lpθ (Ω;Xθ)), where 1pθ =
θ
2 . By Stein’s interpolation theorem, we have
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‖Tθ : Lpθ(Ω;Xθ) → Xθ ⊕pθ Lpθ(Ω;Xθ)‖ ≤ 1. This is exactly (2) with constant
C = 1
2pθ−2
= 41−
1
θ . 
More generally, one can consider the class of θ-Hilbertian spaces, as introduced by
Pisier in [46], which is a natural class of Banach spaces that includes the strictly θ-
Hilbertian spaces, but also certain interpolation spaces between compatible families
(rather than couples) of Banach spaces as well as there ultraproducts. Every result
that we mention for strictly θ-Hilbertian spaces can be extended to the class of
θ-Hilbertian spaces by considering complex interpolation for families of Banach
spaces.
2.4. Uniform curvedness. The notion of uniformly curved Banach space was in-
troduced by Pisier in [46]. Let X be a Banach space, and let T : L2(Ω1, µ1) →
L2(Ω2, µ2) an operator. If T ⊗ idX extends to a bounded operator TX from
L2(Ω1, µ1;X) to L2(Ω2, µ2;X), then we denote by ‖TX‖ its norm. Otherwise,
we set ‖TX‖ = ∞. For a Banach space X , we set ∆X(ε) = sup ‖TX‖, where
the supremum is taken over all measure spaces (Ω1, µ1) and (Ω2, µ2) and oper-
ators T : L2(Ω1, µ1)→ L2(Ω2, µ2) satisfying ‖T : L1(Ω1, µ1) → L1(Ω2, µ2)‖ ≤ 1,
‖T : L∞(Ω1, µ1)→ L∞(Ω2, µ2)‖ ≤ 1 and ‖T : L2(Ω1, µ1)→ L2(Ω2, µ2)‖ ≤ ε.
Definition 2.2. A Banach space X is uniformly curved if ∆X(ε)→ 0 when ε→ 0.
Pisier proved that uniformly curved spaces are superreflexive [46], and hence, by
the results recalled in Section 2.1, every uniformly curved space has an equivalent
p-uniformly convex norm for some p ∈ [2,∞). Pisier also showed that the Banach
spaces X for which ∆X(ε) = O(εα) for some α > 0 are exactly the spaces that are
isomorphic to a subquotient of a θ-Hilbertian space for some θ > 0.
3. Graphs, eigenvalues and Poincaré inequalities
3.1. p-Poincaré inequalities. In this article, we consider unoriented connected
graphs, potentially weighted. Thus, a graph is a pair G = (V, ω), where V is a set
(the vertices) and ω : V × V → R+ is a function (the weight function) such that
ω(s, t) = ω(t, s) for every s, t ∈ V . A finite graph is a graph for which V is finite.
Unweighted graphs correspond to the case when ω takes values in {0, 1}, in which
case ω is the indicator function of the edge set. The degree of a vertex s in a graph
G = (V, ω) is defined as the number dω(s) =
∑
t∈V ω(s, t).
Let G = (V, ω) be a finite graph. Equip V × V with the probability measure
P(s, t) = ω(s,t)∑
s′,t′∈V
ω(s′,t′)
and V with the probability measure ν(s) = dω(s)∑
t
dω(t)
.
Note that ν is the stationary probability measure for the random walk on G with
transition probability p(s → t) = ω(s,t)
dω(s)
. It is also the pushforward measure of P
under both maps (s, t) 7→ s and (s, t) 7→ t.
The gradient ∇f : V ×V → X of a function f : V → X is defined by (∇f)(e) =
f(t)− f(s) if e = (s, t).
Definition 3.1. Let G = (V, ω) be a connected finite graph, and let 1 < p < ∞.
For a Banach space X , we denote by pip,G(X) the smallest real number pi such that
for all f : V → X , the inequality
inf
x∈X
‖f − x‖Lp(V,ν;X) ≤ pi‖∇f‖Lp(V×V,P;X)
holds. We call pip,G(X) the X-valued p-Poincaré constant of G.
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Let (Z0, Z1, . . . ) be the random walk on G with Z0 (and hence Zn for all n ≥ 0)
distributed as ν. In this setting, the X-valued p-Poincaré constant of G is the
smallest real number pi such that for all f : V → X , the following inequality holds:
inf
x∈X
E[‖f(Z0)− x‖p] ≤ pipE[‖f(Z0)− f(Z1)‖p].
Remark 3.2. The validity of the above inequality for every f with E[‖f(Z0)‖p] <
∞ can be used to define theX-valued p-Poincaré constant of an arbitrary irreducible
Markov chain (Z0, Z1, . . . ) on a set V with σ-finite stationary measure ν. In the
case when the measure ν is infinite (the terminology is that the Markov chain is
not positively recurrent), the definition of p-Poincaré constant becomes simpler: It
is the smallest pi such that for every f ∈ Lp(V, ν;X),
E[‖f(Z0)‖p] =
∫
‖f‖pXdν ≤ pipE[‖f(Z0)− f(Z1)‖p].
All results in this section hold in this generality, except for the interpretation in
terms of the eigenvalues of (p-)Laplacians, where one needs reversibility of the
Markov chain. The only adaptation in the proof of Theorem 3.4 when ν is infinite
is that in that case, Lp0(V, ν;X) is replaced by L
p(V, ν;X).
Let us point out that our p-Poincaré constant differs (by a factor or power) from
the p-Poincaré constants in [10] and [37], neither does it exactly coincide with the
conventions of [33].
Let G = (V, ω) be a connected finite graph with |V | = n. We denote by AG (or
simply A if no confusion should arise) the Markov operator of the random walk on
G, which acts on functions on V by the formula
AGf(s) =
1
dω(s)
∑
t∈V
ω(s, t)f(t) = E[f(Z1) | Z0 = s].
The operator AG is self-adjoint on L2(V, ν). Indeed for f, g ∈ L2(V, ν), we have
(3) 〈AGf, g〉 = 1∑
u∈V dω(u)
∑
s,t∈V
f(s)ω(s, t)g(t).
We denote by ‖A0G‖ the norm of the restriction of AG to the orthogonal complement
of the constant functions in L2(V, ν). We denote the eigenvalues of AG by µ1(AG) ≥
. . . ≥ µn(AG). The largest eigenvalue is 1.
The (normalized) Laplacian on G is the operator ∆2,ω = Id−AG , which maps a
function f to
∆2,ωf(s) = f(s)− 1
dω(s)
∑
t∈V
ω(s, t)f(t) = E[f(Z0)− f(Z1) | Z0 = s].
The following result summarizes some elementary properties of the p-Poincaré con-
stant.
Proposition 3.3. For every connected finite graph G = (V, ω) and 1 < p <∞,
(i) pip,G(X) ≥ 12 for every X if G has at least two vertices,
(ii) pip,G(Lp) = pip,G(C),
(iii) pi2,G(C) is equal to 1√
2−2µ2(A)
.
Proof. We always have ‖∇f‖Lp(V×V,P;X) ≤ 2 infx∈X ‖f−x‖Lp(V,ν;X) by the triangle
inequality, and therefore pip,G(X) ≥ 12 if G has at least two vertices. Assertion (ii)
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follows from Fubini’s theorem. Assertion (iii) is classical and follows from the
equality E[‖f(Z0)−f(Z1)‖2] = 2〈(1−A)f, f〉, which holds for all f ∈ L2(V, ν). 
For 1 < p < ∞, the constant pip,G(C) is related to the eigenvalues of the p-
Laplacian (see Section 3.4).
3.2. From small Markov operators to Poincaré inequalities. The validity of
a p-Poincaré inequality is a very robust property (see [35, 36]). Indeed, it is obvious
that if a Banach spaceX is at Banach-Mazur distance C from another Banach space
Y , then pip,G(X) ≤ Cpip,G(Y ). Also, the p-Poincaré inequality implies the validity
of a q-Poincaré inequality for all q <∞ (see Section 3.3).
For applications to fixed point properties, the crucial point is to prove that
pip,G(X) < 1. The aforementioned fact is therefore not useful, because the property
“pip,G(X) < 1” is not robust. The next result, which is one of the main points in
this article, expresses that the property “pip,G(X) < 1” is a consequence of another
property, which is actually very robust.
In what follows, Lp0(V, ν;X) = {f ∈ Lp(V, ν;X) | E[f(Z0)] = 0}.
Theorem 3.4. Let X be a p-uniformly convex Banach space. Then there exist
ε, δ > 0 (depending on X) such that for every connected finite graph G = (V, ω) the
following holds: If ‖AG‖B(Lp0(V,ν;X)) ≤ ε, then for every f ∈ L
p
0(V, ν;X), we have
‖f‖Lp0(V,ν;X) ≤ (1− δ)‖∇f‖Lp(V×V,P;X).
In particular, ‖AG‖B(Lp0(V,ν;X)) ≤ ε =⇒ pip,G(X) ≤ 1− δ.
In the random walk notation, we have to prove that
E[‖f(Z0)‖p] ≤ (1 − δ)p E[‖f(Z0)− f(Z1)‖p]
for every f : V → X with E[f(Z0)] = 0.
The proof is divided in several steps. The first one is standard.
Lemma 3.5. For every f ∈ Lp0(V, ν;X), we have ‖f‖p ≤ (1− ε)−1‖f −AGf‖p.
Proof. If AG has norm ≤ ε, then (1−AG)−1 =
∑
n≥0A
n
G has norm ≤ (1−ε)−1. 
The triangle inequality implies, without any condition on X , that ‖f −AGf‖p ≤
‖∇f‖p, and hence ‖f‖p ≤ 11−ε‖∇f‖p. This is, however, not strong enough. The
next lemma improves this inequality.
Recall that since X is p-uniformly convex, there exists a constant C such that
(2) holds for every X-valued random variable U .
Lemma 3.6. For every f ∈ Lp0(V, ν;X), we have
E[‖(f −AGf)(Z0)‖p] ≤ E[‖f(Z0)− f(Z1)‖p]− C E[‖f(Z1)−AGf(Z0)‖p].
Proof. Let U be the X-valued random variable f(Z0)− f(Z1). With this notation
we have E[U |Z0] = f(Z0) − AGf(Z0) and U − E[U |Z0] = AGf(Z0) − f(Z1). So
applying (2) conditionally to Z0 and then averaging with respect to Z0 proves the
lemma. 
Proof of Theorem 3.4. By the triangle inequality and the fact that Z1 is distributed
as Z0, we have
(E[‖f(Z1)−AGf(Z0)‖p])
1
p ≥ ‖f‖p − ‖AGf‖p ≥ (1 − ε)‖f‖p.
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Taking into account the two lemmas above, we obtain
‖f‖pp ≤
1
(1− ε)p
(‖∇f‖pp − C(1 − ε)p‖f‖pp) ,
from which we deduce
‖f‖p ≤ 1
(1 + C)
1
p (1− ε)
‖∇f‖p.
If ε > 0 is small enough, so that (1 +C)
1
p (1− ε) > 1, then the theorem follows for
δ = 1− 1
(1+C)
1
p (1−ε)
. 
Remark 3.7. If X is an Lp-space for some p ≥ 2 (or more generally a subquotient
of a θ-Hilbertian space with θ = 2
p
), then it follows from Proposition 2.1 and from
the proof above that in that case, Theorem 3.4 holds when (1 + 22−p)
1
p (1− ε) > 1;
for instance, as soon as ε ≤ 2
p2p .
Remark 3.8. Consider a bipartite connected finite graph G = (V, ω). This means
that V can be partitioned as V1 ∪ V2 in such a way that every edge connects V1 to
V2. Equivalently, −1 is an eigenvalue of AG . In particular, ‖AG‖B(Lp0(V,ν;X)) = 1,
so Theorem 3.4 does not say anything about G. This is not an accident: If G is
the complete bipartite graph with 2n vertices, in which both parts of the partition
consist of n vertices (so that AG has spectrum {−1, 0, 1}), it was shown in [17,
Proposition 11.6] that pip,G(C) > 1 for all n large enough if p >
log 4
log 5−log 4 =
6.21 . . .. However, an easy adaptation of our proof yields (with the same ε and
δ): If ‖AGf‖Lp(V,ν;X) ≤ ε‖f‖Lp(V,ν;X) for every f : V → X that has zero mean on
V1 and on V2, then for every such f , we have
‖f‖Lp(V,ν;X) ≤ (1− δ)‖∇f‖Lp(V×V,P;X).
In particular, if pibipartitep,G (X) is defined as the smallest constant pi such that the
inequality
inf
g is constant on each part
‖f − g‖Lp(V,ν;X) ≤ pi‖∇f‖Lp(V×V,P;X)
holds, then we have pibipartitep,G (X) ≤ 1− δ.
3.3. Matoušek’s extrapolation result. By an argument of Matoušek [31] (see
also [5, Lemma 5.5]), the p-Poincaré inequality implies the validity of a q-Poincaré
inequality for all q <∞, with a multiplicative loss (≥ 4) on the Poincaré constant.
The following proposition provides a Banach space valued generalization of this
result, which is essentially due to Cheng [13] (see [36, 35] for related results). We
state and prove a slightly different version of this result, which in particular does
not depend on the maximal degree of the graph.
Proposition 3.9. For every 1 ≤ p, q < ∞, there is a constant C such that for
every Banach space X and every graph G,
pip,G(X) ≤ Cpiq,G(X)max(
q
p
,1).
Proof. The proof is an adaptation of the original argument by Matoušek. Suppose
that a graph G has X-valued q-Poincaré constant equal to piq. For x ∈ X and α > 0,
we set {x}α = ‖x‖α−1x if x 6= 0 and {0}α = 0. The map Mp,q : Lp(Ω, µ;X) →
Lq(Ω, µ;X) defined by Mp,q(f)(ω) = {f(ω)}
p
q is a version of the classical Mazur
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map for vector-valued Lp-spaces. The next lemma shows that it has the same
regularity properties as in the classical case X = C.
Lemma 3.10. For every 1 ≤ p, q <∞, there exists a constant Cp,q > 0 such that
‖Mp,q(f1)−Mp,q(f2)‖Lq(Ω,µ;X) ≤ Cp,q‖f1 − f2‖
min( p
q
,1)
Lp(Ω,µ;X)
for every measure space (Ω, µ), every Banach space X and every two functions f1
and f2 in the unit ball of Lp(Ω, µ;X).
Proof. For R-valued functions the lemma is classical (see [32]). In particular, there
exists a C > 0 (depending on p and q) such that for all S1, S2 : Ω → R+ with
‖S1‖p ≤ 1, ‖S2‖p ≤ 1, we have
(4) ‖S
p
q
1 − S
p
q
2 ‖q ≤ C‖S1 − S2‖
min( p
q
,1)
p .
Let f1, f2 be in the unit ball of Lp(Ω, µ;X), and define gi in (the unit ball of)
Lq(Ω, µ;X) by gi = Mp,q(fi). Let δ = ‖f1 − f2‖p. We write fi = SiUi with
Si(ω) = ‖fi(ω)‖ and Ui(ω) in the unit sphere of X , so that gi = S
p
q
i Ui. By the
triangle inequality, we have ‖f1 − f2‖p ≥ ‖S1 − S2‖p, and
‖S2(U1 − U2)‖p ≤ ‖S2U1 − S1U1‖p + ‖S1U1 − S2U2‖p ≤ 2‖f1 − f2‖p.
Writing g1 − g2 = (S
p
q
1 − S
p
q
2 )U1 + S
p
q
2 (U1 − U2), we obtain
‖g1 − g2‖q ≤ ‖S
p
q
1 − S
p
q
2 ‖q + ‖S
p
q
2 (U1 − U2)‖q.
The first term is less than Cδmin(
p
q
,1) by (4). We can view the second term as the
norm of U1 − U2 in Lq(Ω, Sp2µ;X). If q ≤ p, then this norm is less than the norm
of U1 −U2 in Lp(Ω, Sp2µ;X), i.e. less than 2δ. If q ≥ p, then by Hölder’s inequality
this norm is less than the geometric mean of its norm in L∞ and its norm is Lp,
i.e. less than 2δ
p
q . The previous inequality therefore becomes
‖g1 − g2‖q ≤ (C + 2)δmin(
p
q
,1).
This proves the lemma, because δ was defined as ‖f1 − f2‖p. 
Proof of Proposition 3.9 (continuation). Let f ∈ Lp(V, ν;X). We have to prove
that
(E‖f(Z0)− f(Z1)‖p)
1
p ≥ 1
Cpi
max( q
p
,1)
q
inf
x∈X
‖f − x‖p.
By homogeneity, we may assume that infx∈X ‖f − x‖p = 12 , and by replacing f by
f − x for a suitable x, we may assume that ‖f‖p ≤ 1.
Let g =Mp,q(f). It has norm ≤ 1 in Lq. By the previous lemma, we have
1
2
= inf
x∈X,‖x‖≤1
‖f − x‖p ≤ Cq,p inf
x∈X,‖x‖≤1
‖g − x‖min(
q
p
,1)
q .
In particular, there is a constant c (depending on p, q) such that infx∈X ‖g−x‖q ≥ c.
By definition of piq, we have
(E‖g(Z0)− g(Z1)‖q)
1
q ≥ c
piq
.
By the previous lemma, we obtain
c
piq
≤ Cp,q (E‖f(Z0)− f(Z1)‖p)
1
p
min( p
q
,1)
,
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or equivalently,
(E‖f(Z0)− f(Z1)‖p)
1
p ≥
(
c
Cp,qpiq
)max( q
p
,1)
.
This concludes the proof of the result. 
3.4. Eigenvalues of the p-Laplacian. For α > 0 and z ∈ C, we write {z}α =
|z|α−1z if z 6= 0 and we extend the definition by continuity to {0}α = 0.
Let G = (V, ω) be a connected finite graph, and let ν be the measure on V
defined at the beginning of this section. If 1 < p < ∞, then the p-Laplacian on G
is the non-linear map ∆p : RV → RV defined by
∆pf(s) =
1
dω(s)
∑
t∼s
ω(s, t){f(s)− f(t)}p−1,
where dω(s) denotes the degree of a vertex s.
In our opinion, it would be more natural to define the p-Laplacian by ∆pf(s) =
{ 1
dω(s)
∑
t∼s ω(s, t){f(s)−f(t)}p−1}
1
p−1 , but we use the conventional definition here.
A scalar λ ∈ R is called an eigenvalue of ∆p if there exists an f 6= 0 such
that ∆pf = λ{f}p−1. Bourdon proved [10, Lemme 1.3] that the eigenvalues of
∆p coincide with the critical values of f 7→ ‖∇f‖
p
p
‖f‖p
Lp(V,ν)
. In [10, Proposition 1.2], he
proved that the smallest nonzero eigenvalue λ1,p(G) of ∆p is related to the smallest
constant pi for which the inequality
inf
c∈R
‖f − c‖Lp(V,ν) ≤ pi‖∇f‖p
holds, by the formula λ1,p(G) = 12pip . Hence, the crucial inequality pi < 1 corres-
ponds to the inequality λ1,p(G) > 12 .
In the case of X = C, we can reformulate Theorem 3.4 in order to obtain spectral
information on the p-Laplacian.
Theorem 3.11. Let G = (V, ω) be a connected finite graph, and let p ≥ 2. If the
spectrum of ∆2,ω is contained in {0} ∪ [1− ε, 1 + ε] for some ε > 0, then
λ1,p(G) ≥
(
1− 21− 2p ε 2p
)p(1
2
+ 21−p
)
.
In particular, λ1,p(G) > 12 if ε ≤ 2p−
p
2 2−
p2
2 .
Proof. The assumption that the spectrum of ∆2,ω is contained in {0}∪ [1−ε, 1+ε]
means that AG has norm ≤ ε as an operator on L20(V, ν), or equivalently, that the
operator AG−P has norm ≤ ε as an operator on L2(V, ν), where Pf =
∫
fdν is the
projection onto the constant functions. Since AG −P has norm ≤ 2 as an operator
on L∞(V, ν), by interpolation, this implies that AG − P has norm ≤ 21−
2
p ε
2
p as
an operator on Lp(V, ν). In particular, AG has norm ≤ 21−
2
p ε
2
p on Lp0(V, ν). By
Theorem 3.4 and Remark 3.7, we obtain that for every f ∈ Lp0(V, ν),
‖f‖p ≤ (1 + 22−p)−
1
p (1 − 21− 2p ε 2p )−1‖∇f‖p.
This implies that the Poincaré inequality holds with constant (1 + 22−p)−
1
p (1 −
21−
2
p ε
2
p )−1. The proposition follows from the relationship between the Poincaré
constant and λ1,p(G) alluded to above. 
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4. From Poincaré inequalities to fixed point properties
Recall that ifM = (M0,M1,M2) is a simplicial 2-complex andm ∈M0, then the
link L(m) is the graph (V, ω) with vertex set the set of 1-simplices inM1 containing
m and ω(s, t) is the number of 2-simplices in M1 having s and t as two of its faces.
In the following, we give, as mentioned in the introduction, a direct proof of the
fact that Poincaré inequalities give rise to fixed points. The approach is similar to
the one of Oppenheim [39] and we claim no originality. We have chosen to leave
out some computations.
Theorem 4.1. Let 1 < p <∞, let X be a Banach space, and letM be a connected
and locally finite simplicial 2-complex. Suppose that pip,L(m)(X) < 1 for every
m ∈M0. If Γ is a group that admits a properly discontinuous cocompact action by
simplicial automorphisms on M , then Γ has property (FX).
Proof. Suppose that Γ y M is a group action by simplicial automorphisms that
is properly discontinuous and cocompact. Let Ξ0 denote a set of representatives of
the Γ-orbits in M0, and for a vertex m ∈ M0, let Γm denote the stabilizer of m.
Then Ξ0 is a finite set (resp. Γm is a finite group), because the action Γ y M is
cocompact (resp. properly discontinuous).
Form ∈ Ξ0, we set am =
∑
s,t∈V
ω(s,t)
|Γm|
. Let E be the affine space of Γ-equivariant
maps ψ : M0 → X , which is naturally identified with
∏
m∈Ξ0
XΓm and is, in
particular, nonempty.
Lemma 4.2. For ϕ, ψ ∈ E and p ∈ [1,∞), we have
(5)
∑
m∈Ξ0
am‖(n1, n2) 7→ ϕ(n1)− ψ(n2)‖pLp(V×V,P;X)
=
∑
m∈Ξ0
am‖n 7→ ϕ(n)− ψ(m)‖pLp(V,ν;X).
We denote this quantity by E(ϕ, ψ)p, or simply by E(ϕ)p when ϕ = ψ. Moreover,
we have the inequality
(6) E
(
ϕ+ ψ
2
)
≤ E(ϕ, ψ).
Proof of Lemma 4.2. If ϕ = ψ, then (5) is exactly [10, Lemma 4.1]. For ϕ 6= ψ,
the same computation proves the equality. For (6), we decompose the function
(n1, n2) 7→ ϕ(n1)+ψ(n1)2 − ϕ(n2)+ψ(n2)2 as (n1, n2) 7→ ϕ(n1)−ψ(n2)2 − ϕ(n2)−ψ(n1)2 . By
the triangle inequality, we obtain
E
(
ϕ+ ψ
2
)
≤ 1
2
(E(ϕ, ψ) + E(ψ, ϕ)) .
This is (6), because E(ϕ, ψ) = E(ψ, ϕ). 
Proof of Theorem 4.1 (continuation). We now define a complete distance on E by
d(ϕ, ψ) =
( ∑
m∈Ξ0
am‖ϕ(m)− ψ(m)‖p
) 1
p
.
Take c < 1 such that pip,L(m)(X) < c for everym ∈ Ξ0, and let ϕ ∈ E . By definition
of pip,L(m)(X), for every m ∈ Ξ0, there is a ψ(m) ∈ X such that
‖n 7→ ϕ(n)− ψ(m)‖Lp(V,ν;X) ≤ c‖(n1, n2) 7→ ϕ(n1)− ϕ(n2)‖Lp(V×V,P;X).
BANACH SPACE ACTIONS AND L2-SPECTRAL GAP 15
Moreover, by the Γ-equivariance of ϕ, the quantity ‖n 7→ ϕ(n)− ψ(m)‖Lp(V,ν;X) is
unchanged if ψ(m) is replaced by an element of the Γm-orbit of ψ(m). Therefore,
by replacing ψ(m) by the average on its Γm-orbit, we can assume that ψ(m) is
Γm-invariant. This means that ψ, defined so far only on Ξ0, can be extended to
an element of E . Summing the p-th power of the previous expression over m ∈ Ξ0,
yields E(ϕ, ψ) ≤ cE(ϕ). By (6), this implies E
(
ϕ+ψ
2
)
≤ cE(ϕ).
On the other hand, using the triangle inequality, we obtain that for m ∈ Ξ0,∥∥∥∥ϕ(m)− ϕ(m) + ψ(m)2
∥∥∥∥ = 12‖n 7→ (ϕ(m)− ϕ(n)) + (ϕ(n)− ψ(m))‖p
≤ 1
2
‖n 7→ ϕ(m)− ϕ(n)‖p + 12‖n 7→ ϕ(n)− ψ(m)‖p,
where ‖ · ‖p denotes the norm on Lp(V, ν;X). It follows that
d
(
ϕ,
ϕ+ ψ
2
)
≤ 1
2
(E(ϕ) + E(ϕ, ψ)) ≤ E(ϕ).
The conclusion of the preceding discussion is that for every ϕ ∈ E , there is a
ϕ′ ∈ E (namely ϕ′ = ϕ+ψ2 ) such that E(ϕ′) ≤ cE(ϕ) and d(ϕ,ϕ′) ≤ E(ϕ). If
we start from some ϕ0 ∈ E , by induction we obtain a sequence (ϕn) in E with
E(ϕn) ≤ cnE(ϕ0) and d(ϕn, ϕn+1) ≤ cnE(ϕ0). The sequence (ϕn) is a Cauchy
sequence and therefore converges to some ϕ∞ ∈ E satisfying E(ϕ∞) = 0. For
a general complex M , the formula E(ϕ∞) = 0 means that ϕ∞ is constant on
the connected components of L(m) for every m ∈ M0. Here the assumption that
pip,L(m)(X) <∞ implies that L(m) is connected, and hence the assumption thatM
is connected implies that ϕ∞ is constant and is necessarily equal to a fixed point.
This proves the theorem. 
Remark 4.3. As pointed out in [17, Proposition 11.6], for bipartite graphs and
large p, the condition pip,G(C) < 1 is in general not satisfied, even not for the
complete bipartite graphs. As a consequence, Theorem 4.1 is not applicable when
M has a link that is bipartite.
Question 4.4. Does Theorem 4.1 hold if the assumption pip,L(m)(X) < 1 is replaced
by pibipartite
p,L(m) (X) < 1 when L(m) is bipartite?
By Remark 3.8 and the argument in the following section, a positive answer
to this question would imply that Theorem A holds when, for bipartite links L,
the assumption ‖AL‖B(L20(L,ν)) < ε is replaced by “[ε, 1[ does not intersect the
spectrum of AL”. This would in particular improve the results of [17] and imply
that for every p <∞, random groups in the Gromov density model with densities
> 13 have property (FL
p) with probability tending to 1.
5. Proofs of Theorem B and Theorem A
If X is p-uniformly convex, then Theorem B is a direct combination of Theorem
3.4 and Theorem 4.1. Moreover, if X is an Lp-space with p ≥ 2 (or more generally
a subquotient of a θ-Hilbertian space with θ = 2
p
), then we see from Remark 3.7
that Theorem B holds with ε = 2
p2p .
We now prove the general case of Theorem B. The idea of the proof is to reduce
to the case of p-uniformly convex Banach spaces.
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Proof of Theorem B. Let 1 < p <∞, and let X be a superreflexive Banach space.
As was recalled in Section 2, by a famous result of Pisier [44], there exists a q ∈
[2,∞) and an equivalent norm N on X that is q-uniformly convex. Pisier’s proof
has the feature that every isometry of (X, ‖ · ‖) remains an isometry of (X,N), but
even if this were not the case, we could always assume this by replacing N by the
equivalent norm N ′(x) = supg∈O(X,‖·‖)N(gx) (see the proof of (2) =⇒ (3) in [2,
Proposition 2.3]). Denote the Banach space (X,N) by Y . We now use the following
interpolation result, which was already used in a similar context in [46].
Lemma 5.1. There exists a constant C > 0 and a θ ∈ (0, 1] such that for every
graph G = (V, ω), we have
‖AG‖B(Lq0(V,ν;Y )) ≤ C‖AG‖
θ
B(Lp0(V,ν;X))
.
Proof. Let r ∈ [1,∞] and θ ∈ (0, 1) such that 1
q
= θ
p
+ (1−θ)
r
. The operator
f 7→ AG(f −
∫
fdν) has norm less than 2‖AG‖B(Ls0(V,ν;X)) on Ls(V, ν;X), since this
operator is the composition of the operator f 7→ f−∫ fdν ∈ Ls0 with norm at most
2 with the restriction of AG to Ls0. Therefore, by interpolation we have
‖AG‖B(Lq0(V,ν;X)) ≤ 2‖AG‖
θ
B(Lp0(V,ν;X))
‖AG‖1−θB(Lr0(V,ν;X)),
which we simply bound by 2‖AG‖θB(Lp0(V,ν;X)). The conclusion now follows, because
‖AG‖B(Lp0(V,ν;Y )) is less than the product of ‖AG‖B(Lp0(V,ν;X)) and the Banach-
Mazur distance between X and Y . 
Proof of Theorem B (continuation). Since Y is q-uniformly convex, by the case
already proved, there exists an ε1 > 0 such that a group with a properly discon-
tinuous cocompact action by simplicial automorphisms on a simplicial 2-complexM
with all its links L satisfying ‖AL‖B(Lq0(L,ν;Y )) < ε1 has property (FY ). Therefore,
if ε > 0 satisfies Cεθ ≤ ε1, then every such group has property (FY ). In particular
it has property (FX) because by construction every action by affine isometries on
X is an action by affine isometries on Y . 
Finally, we explain how Theorem A follows from Theorem B.
Proof of Theorem A. Let X be a uniformly curved Banach space. As recalled in
Section 2.4, the space X is superreflexive. Let ε′ = ε′(2, X) be given by Theorem
B for p = 2. We claim that for a finite graph G, we have the inequality
(7) ‖AG‖B(L20(V,ν;X)) ≤ 2∆X
(
1
2
‖AG‖B(L20(V,ν))
)
.
Indeed, let T : L2(V, ν)→ L2(V, ν) be the operator f 7→ 12 (AGf −
∫
fdν). Then T
has norm ≤ 1 on L1(V, ν) and L∞(V, ν) and norm 12‖AG‖B(L20(V,ν)) on L2(V, ν), so
by definition of ∆X , we have ‖TX‖ ≤ ∆X(‖T ‖). We obtain (7) by considering the
restriction to L20(V, ν;X). Since X is uniformly curved, there is an ε > 0 such that
2∆X( ε2 ) < ε
′. It follows from (7) that Theorem A follows for this value of ε. 
Remark 5.2. In many cases, we can give a direct proof of Theorem A (not relying
on [44]) and compute the constants explicitly.
(i) If X is an Lp-space with p ≥ 2, then Theorem A holds with ε = 2p−p2 2− p
2
2 .
(ii) If X is stricly 2
p
-Hilbertian, or more generally a subquotient of a stricly 2
p
-
Hilbertian space, then Theorem A also holds with ε = 2p−
p
2 2−
p2
2 .
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(iii) If X is isomorphic to a space as in (i) or (ii), with Banach-Mazur distance d,
then Theorem A holds with ε = Kp−
p
2 2−
p2
2 d−
p(p+1)
2 , where K is a universal
constant.
Proof. If p ≥ 2 and X is an Lp-space (or more generally a strictly 2
p
-Hilbertian
space), then interpolation directly gives the inequality
‖f 7→ AGf −
∫
fdν‖B(Lp(V,ν;X)) ≤ 21−
2
p ‖AG‖
2
p
B(Lp0(V,ν))
for every graph G. So, by Remark 3.7, we obtain that Theorem A holds as soon as
21−
2
p ε
2
p ≤ 2
p2p , i.e. as soon as ε ≤ 2p−
p
2 2−
p2
2 . The same argument works if X is a
subquotient of a stricly 2
p
-Hilbertian space. The additional argument is to observe
that the quantity ‖f ∈ Lp(V, ν;X) 7→ AGf −
∫
fdν‖ can only decrease when X is
replaced by a subquotient of X .
Finally, consider the case when X is at Banach-Mazur distance ≤ d from a
subquotient of a strictly 2
p
-Hilbertian space Y . First, suppose that (2) holds for
X with C = 12p−2dp . Second, we will reduce to this case. By the above proof for
Y , for every finite graph G, we have ‖AG‖B(Lp(V,ν;Y )) ≤ 21−
2
p ‖AG‖
2
p
B(Lp0(V,ν))
, and
therefore,
‖AG‖B(Lp(V,ν;X)) ≤ 21−
2
p d‖AG‖
2
p
B(Lp0(V,ν))
.
Hence, by the proof of Theorem 3.4, we have that pip,G(X,N) < 1 as soon as
‖AG‖B(Lp0(V,ν)) ≤ ε with (1+ 12p−2dp )
1
p (1−21− 2p dε 2p ) > 1. Elementary computations
show that this holds as soon as ε ≤ Kp−p2 2−p
2
2 d−
p(p+1)
2 , where K is a universal
constant.
To conclude the proof, we explain how we can reduce to the case in which (2)
holds for X with C = 12p−2dp . We identify X and Y in such a way that the
norms ‖ · ‖X and ‖ · ‖Y satisfy ‖x‖X ≤ ‖x‖Y ≤ d‖x‖X for all x ∈ X . Denote by
O(X) the group of linear isometries of (X, ‖ · ‖X) and define the norm N(x) =
supg∈O(X) ‖gx‖Y , so that ‖x‖Y ≤ N(x) ≤ d‖x‖Y for all x ∈ X . By construction,
every action by affine isometries on (X, ‖ ·‖X) is an action by isometries on (X,N).
We have to prove that for (X,N) (2) holds with C = 12p−2dp . This follows from
Proposition 2.1, which asserts that (2) holds for ‖ · ‖Y with C = 12p−2 . Indeed, if U
is an X-valued random variable, then for every g ∈ O(X) we can apply (2) to the
random variable gU and obtain
‖gEU‖pY +
1
2p−2
E‖g(U − EU)‖pY ≤ E‖gU‖pY .
In particular, by the inequality N(·) ≤ d‖g · ‖Y ≤ N(·), we obtain
‖gEU‖pY +
1
2p−2dp
EN(g(U − EU))p ≤ EN(U)p.
By taking the supremum over g ∈ O(X) we obtain
N(EU)p +
1
2p−2dp
EN(g(U − EU))p ≤ EN(U)p,
which finishes the proof. 
6. Erdős-Rényi graphs: spectrum and degree distribution
In this section, we collect and establish some results on the spectrum and degree
distribution of Erdős-Rényi graphs, which will be used in Section 7.
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6.1. Erdős-Rényi graphs. If m is a positive integer and ρ ∈ [0, 1], an Erdős-
Rényi graph G(m, ρ) is a random graph with m vertices in which each unoriented
edge {s, t} with s 6= t occurs independently with probability ρ.
It is well known (see e.g. [9]) that the connectivity threshold occurs at ρ ∼ logm
m
:
For every η > 0, the probability that G(m, ρ) is connected is 1 − o(1) if ρ ≥
(1 + η) logm
m
and o(1) if ρ ≤ (1− η) logm
m
.
We will need a lemma stating that, above the connectivity threshold, all vertices
have degree of the same order.
Lemma 6.1. Let η > 0. There are constants c1, c2 > 0 and a sequence (um)
of positive real numbers tending to 0 such that the following holds: For every
ρ ≥ (1 + η) logm
m
, with probability ≥ 1 − um, the degree of every vertex in an
Erdős-Rényi graph G(m, ρ) is in the interval [c1mρ, c2mρ].
Proof. The degree of every vertex in G(m, ρ) is a binomial B(m−1, ρ) random vari-
able. For η ≥ 100, the lemma is a straightforward application of the standard con-
centration inequalities for binomial random variables (Hoeffding’s inequality). For
η ∈ (0, 100), the lemma follows for example from [9, Exercise 3.4], which provides
the optimal values for c1 and c2. We could not find a solution to this exercise in the
literature, so for the reader’s convenience, we provide a proof of the only nontrivial
inequality, i.e. the lower bound (the upper bound is also a direct application of
Hoeffding’s inequality).
Suppose that (1 + η) logm ≤ mρ ≤ 101 logm. Let c > 0 be a constant to be
determined later. We have
P(B(m−1, ρ) ≤ cmρ) ≤
∑
0≤k≤cmρ
ρk(1−ρ)m−1−k
(
m
k
)
≤
∑
0≤k≤cmρ
(mρ)k
k!
(1−ρ)m−1−k
by bounding
(
m
k
) ≤ mk
k! . For c small enough, we have that
(mρ)k
k! (1 − ρ)m−k−1 ≤
1
2
(mρ)k+1
(k+1)! (1 − ρ)m−k−2, so the whole sum is less than twice the last term. But if k
is the integer part of cmρ, we have
log k! = k log k − k +O(log k) = cmρ log(cmρ)− cmρ+O(log logm),
log(mρ)k = cmρ log(mρ) +O(log logm)
and
log(1− ρ)m−k = −mρ+O( 1
m
(logm)2).
So
log
(
1
k!
(mρ)k(1− ρ)m−k
)
= mρ(−1 + c− c log c) +O(log logm).
In particular, if c is small enough so that (1 + η)(1− c+ c log c) > 1+ η2 , we obtain
1
k!
(mρ)k(1 − ρ)m−k ≤ 1
m1+
η
2
for all m large enough and
P(B(m− 1, ρ) ≤ cmρ) ≤ 2
m1+
η
2
.
By a union bound we obtain
P( min
v∈G(m,ρ)
B(m− 1, ρ) ≤ cmρ) ≤ 2m− η2 .
This proves the lemma. 
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By [9, Exercise 3.4], it is easy to see that the previous lemma is essentially
optimal, in the sense that for every η > 0 and ρ ∼ (1 + η) logm
m
, the ratio maximal
degree/minimal degree converges to a constant r(η) > 1 as m → ∞, and that
limη→0 r(η) =∞. We shall need, however, that in L1-average, the degree sequence
is well concentrated. This is the content of the next lemma.
Lemma 6.2. There is a constant c0 > 0 such that the following holds. Let
d(1), . . . , d(m) be the degree sequence of an Erdős-Rényi graph G(m, ρ), and let
d = 1
m
∑
i d(i). If
logm
m
≤ ρ ≤ 1, then
P
[∑
i
|d(i)− (m− 1)ρ|
m(m− 1)ρ ≥
c0√
(m− 1)ρ
]
≤ e−mc0
and
P
[∑
i
|d(i)− d|
md
≥ c0√
(m− 1)ρ
]
≤ e−mc0 .
Proof. We will prove both equalities for m sufficiently large, i.e. we will prove that
there exists a c0 > 0 and an m0 ∈ N such that for all m ≥ m0, the inequalities
above hold. By the monotonicity properties of both inequalities, the inequalities
then follow for all m, possibly after replacing c0 by a larger constant.
Let us first prove the first inequality, the proof of which is similar to the proof
of Hoeffding’s inequality: We obtain tight concentration bounds from exponential
moments. First, note that there exists an a > 0 such that ex ≤ 1 + x + ax2 for
all x ∈ [−2, 2]. It follows that for every ρ ∈ (0, 1) and λ ∈ [−1, 1], whenever ε is a
random variable equal to 1 with probability ρ and 0 with probability 1− ρ, then
E[eλ(ε−E[ε])] ≤ 1 + aρ(1− ρ)λ2 ≤ eaρλ2 .
As a consequence, if Y is a binomial random variable B(n, ρ), then
(8) E[eλ(Y−E[Y ])] ≤ eaρnλ2 .
Write d(i) = d′(i)+d′′(i), where d′(i) is the number of edges between i and a vertex
j < i, and d′′(i) is the number of edges between i and a vertex j > i. In this way, the
random variables d′(1), . . . , d′(m) are independent, and so are the random variables
d′′(1), . . . , d′′(m). Write X ′ =
∑
i |d′(i)− E[d′(i)]| and X ′′ =
∑
i |d′′(i)− E[d′′(i)]|.
By (8), it follows that for λ ∈ [0, 1], we have
E[eλ|d
′(i)−E[d′(i)]|] ≤ E[eλ(d′(i)−E[d′(i)])] + E[e−λ(d′(i)−E[d′(i)])]
≤ 2eaρλ2(i−1),
and by independence, we have
E[eλX
′
] ≤ 2me a2 ρλ2m(m−1).
Fix c > 4
√
a log 2. Using (the exponential version of) Chebyshev’s inequality, we
deduce that for every λ ∈ [0, 1],
P[X ′ ≥ c
2
m
√
(m− 1)ρ] ≤ E[eλ(X′− c2m
√
(m−1)ρ)] ≤ 2me a2 ρλ2m(m−1)− c2m
√
(m−1)ρλ.
Taking λ = c
2a
√
(m−1)ρ
(which is indeed in [0, 1] if m ≥ e c
2
4a2 , because we assumed
that logm
m
≤ ρ ≤ 1), we obtain
P[X ′ ≥ c
2
m
√
(m− 1)ρ] ≤ E[eλ(X′− c2m
√
(m−1)ρ)] ≤ 2me− c
2
8am.
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Since the random variablesX ′ and X ′′ are identically distributed, we have the same
inequality for X ′′. Hence, taking into account that X :=
∑
i |d(i) − (m − 1)ρ| ≤
X ′ +X ′′, we obtain
P[X ≥ cm
√
(m− 1)ρ] ≤ 2m+1e− c
2
8am ≤ e(2 log 2− c
2
8a )m
for every m ≥ e c
2
4a2 . The first inequality of the lemma follows.
The second inequality is a direct consequence of the first one. Indeed, by the
triangle inequality, we have∑
i
|d(i)− d| ≤ 1
m
∑
i,j
|d(i)− d(j)| ≤ 2
∑
i
|d(i)− (m− 1)ρ|,
and therefore,
(9)
∑
i
|d(i)− d|
md
≤ 2(m− 1)ρ
d
∑
i
|d(i)− (m− 1)ρ|
m(m− 1)ρ .
Let A be the event where
∑
i
|d(i)−(m−1)ρ|
m(m−1)ρ ≤ c0√(m−1)ρ , so that by the first inequality
(which we have just proved), we have P[A] ≥ 1− e−mc0 . On A, we have
d ≥ (m− 1)ρ− 1
m
∑
i
|d(i)− (m− 1)ρ| ≥ (m− 1)ρ
(
1− c0√
(m− 1)ρ
)
,
which is greater than 12 (m− 1)ρ for m ≥ m0 = e2c0+1 + 1. So by (9), we obtain∑
i
|d(i)− d|
md
≤ 4c0√
(m− 1)ρ
on A if m ≥ m0. This proves the second inequality for m ≥ m0 with c0 replaced
by 4c0. 
We will also need that, above the connectivity threshold, Erdős-Rényi graphs
have a good two-sided spectral gap.
Theorem 6.3 ([22]). Let η > 0. There are constants C′ and a sequence (um)
of positive real numbers tending to 0 such that for every ρ ≥ (1 + η) logm
m
, with
probability ≥ 1− um, an Erdős-Rényi graph G(m, ρ) satisfies ‖A0‖ ≤
√
C′
mρ
.
Proof. This result was announded in [22] (see [14] for the statement when η is
sufficiently large). Formally, the result in [22] deals with the giant component, but in
the regime ρ ≥ (1+η) logm
m
, which we are interested in, an Erdős-Rényi graphG(m, ρ)
is connected with high probability. The theorem also follows by combining Lemma
6.1 and Theorem 3.2 in [7]. Indeed the results in [7] deal with the unnormalized
adjacency matrix, which is unitarily conjugate to D
1
2AD
1
2 , where A is the Markov
operator and D the matrix with diagonal entries equal to the degrees. 
6.2. Spectral gap and union of graphs. We end this section by two results
that indicate how a two-sided spectral gap behaves when one takes the union of
two (non-random) graphs on the same vertex set.
For a weight ω : V ×V → R+, let L2(V, dω) denote the space of square-integrable
functions on V equipped with the inner product given by
(10) 〈f, g〉 =
∑
s∈V
f(s)g(s)dω(s).
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(Note that this is different from Section 3, in which we considered L2-functions
with respect to a stationary measure ν.)
In the situation of Lemma 6.4 and Proposition 6.5, define ι1 : L2(V, dω1 +dω2)→
L2(V, dω1) and ι2 : L
2(V, dω1 + dω2) → L2(V, dω2) by the formal identities ι1f = f
and ι2f = f . For all f, g ∈ L2(V, dω1 + dω2), we have
(11) 〈Aω1+ω2f, g〉 = 〈Aω1ι1f, ι1g〉+ 〈Aω2ι2f, ι2g〉,
so that Aω1+ω2 = ι
∗
1Aω1ι1 + ι
∗
2Aω2ι2.
The first lemma deals with the situation when one of the graphs is a small per-
tubation of the other. We could not locate this precise statement in the literature,
but the argument is completely standard (see [24, Lemma 4.5], [1, Lemma 1.7] or
[17, Lemma 9.2]).
Lemma 6.4. Let V be a finite set, let ω1, ω2 : V ×V → R+ be two weight functions,
and let dω1 , dω2 be the corresponding degree functions. As before, let A
0
ωi
denote
the restriction of Aωi to L
2
0(V, dωi).
If dω2 ≤ δ′dω1 for some δ′ > 0, then
(12)
∣∣‖A0ω1+ω2‖ − ‖A0ω1‖∣∣ ≤ δ′.
Proof. Suppose that dω2 ≤ δ′dω1 . Using the standard min-max formulas for the
eigenvalues of a self-adjoint matrix, and using that ‖ι1‖2 = sups∈V dω1(s)dω1(s)+dω2 (s)
(and similar for ‖ι2‖2), we obtain∣∣∣∣‖A0ω1+ω2‖ − 11 + δ′ ‖A0ω1‖
∣∣∣∣ ≤ δ′1 + δ′ ,
which is just a sharper version of (12). 
The second result deals with the situation where the degree sequence in each
graph is well concentrated in L1-average. When the degree sequence is uniformly
(L∞) concentrated, such a result is well-known (see [24, 1, 17]), but we will be in
the situation where the degree sequence is not L∞-concentrated, and we need the
following strong result. To our knowledge, this result is new, and it is the main
result of this section.
Proposition 6.5. Let V be a finite set, let ω1, ω2 : V × V → R+ be two weight
functions, and let dω1 , dω2 be the corresponding degree functions. As before, let
A0ωi denote the restriction of Aωi to L
2
0(V, dωi).
Also, let Di =
∑
s∈V dωi(s) be the total degree for ωi, and let
δ =
∑
s∈V
∣∣∣dω1(s)− D1|V | ∣∣∣
D1
+
∣∣∣dω2(s)− D2|V | ∣∣∣
D2
.
Then
‖A0ω1+ω2‖ ≤ δ + (1 − δ)max(‖A0ω1‖, ‖A0ω2‖).
Proof. Denote by 1 = λ(i)1 ≥ λ(i)2 ≥ · · · ≥ λ(i)n (with n = |V |) the eigenvalues of
Aωi , so that ‖A0ωi‖ = max(λ
(i)
2 ,−λ(i)n ). We will prove that
min(λ(1)n , λ
(2)
n ) ≤ 〈Aω1+ω2f, f〉 ≤ δ + (1− δ)max(λ(1)2 , λ(2)2 )
for every f ∈ L20(V, dω1 + dω2) of norm one, which directly implies the proposition.
The first inequality is obvious by (10). For the second one, write ι1f = f ′1 + f
′′
1
22 DE LAAT AND DE LA SALLE
where f ′1 is the orthogonal projection of f1 onto the constant functions in L
2(V, dω1).
We have
〈Aω1ι1f, ι1f〉 ≤ ‖f ′1‖2 + λ(1)2 ‖f ′′1 ‖2,
and similarly for 〈Aω2ι2f, ι2f〉. By (11), we obtain
〈Aω1+ω2f, f〉 ≤ ‖f ′1‖2 + ‖f ′2‖2 + λ(1)2 ‖f ′′1 ‖2 + λ(2)2 ‖f ′′2 ‖2.
Using that
1 = ‖f‖2 = ‖ι1f‖2 + ‖ι2f‖2 = ‖f ′1‖2 + ‖f ′2‖2 + ‖f ′′1 ‖2 + ‖f ′′2 ‖2
and writing α = max(λ(1)2 , λ
(2)
2 ), we obtain
〈Aω1+ω2f, f〉 ≤ α+ (‖f ′1‖2 + ‖f ′2‖2)(1− α).
So the lemma will be proved once we show that ‖f ′1‖2 + ‖f ′2‖2 ≤ δ. Actually, we
will show that
(13) ‖f ′1‖2 ≤
D2
D1 +D2
δ
and
‖f ′2‖2 ≤
D1
D1 +D2
δ.
By symmetry, it suffices to show (13). By definition, f ′1 is the orthogonal projection
onto the constant functions in L2(V, dω1), so it is the constant function equal to
c1 = 1D1
∑
s∈V dω1(s)f(s), which we write as the scalar product, in L
2(V, dω1+dω2),
of f with the function s 7→ dω1(s)
D1(dω1(s)+dω2(s))
. Using the fact that f is orthogonal
to the constant functions (in L2(V, dω1 + dω2)), this scalar product is equal to the
scalar product of f with
s 7→ dω1(s)
D1(dω1(s) + dω2(s))
− 1
D1 +D2
=
dω1(s)D2 − dω2(s)D1
D1(D1 +D2)(dω1(s) + dω2(s))
.
By the Cauchy-Schwarz inequality in L2(V, dω1 + dω2), we obtain
|c1|2 ≤ ‖f‖2
∑
s∈V
|dω1(s)D2 − dω2(s)D1|2
D21(D1 +D2)2(dω1(s) + dω2(s))
.
Using the following estimate:
|dω1(s)D2 − dω2(s)D1|2 ≤ (dω1(s)D2 + dω2(s)D1)|dω1(s)D2 − dω2(s)D1|
≤ (dω1(s) + dω2(s))(D1 +D2)|dω1(s)D2 − dω2(s)D1|,
we obtain
|c1|2 ≤
∑
s∈V
|dω1(s)D2 − dω2(s)D1|
D21(D1 +D2)
.
By the triangle inequality, we have
|dω1(s)D2 − dω2(s)D1| ≤
∣∣∣∣dω1(s)− D1n
∣∣∣∣D2 +
∣∣∣∣dω2(s)− D2n
∣∣∣∣D1,
where n = |V | (as before). Finally, summing over s yields
|c1|2 ≤ D2
D1(D1 +D2)
δ.
Since
‖f ′1‖2 =
∑
s∈V
dω1(s)|c1|2 = D1|c1|2,
we obtain (13), which concludes the proof of the lemma. 
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7. Fixed point properties for random groups
In this section, we apply our spectral criterion (Theorem A) to random groups
in the triangular model. In particular, we will prove Theorem C and Corollary D.
Let S = {s1, . . . , sm}. Roughly speaking, a random group generated by S is a
group given by a representation 〈S|R〉, where R is a set of relators, i.e. words in
S ∪ S−1, that are chosen randomly with respect to some probability measure. In
what follows, we only consider relators that are cyclically reduced, i.e. relators of
the form r = s1...sl with si 6= s−1i+1 for i ∈ {1, . . . , l− 1} and sl 6= s−11 . The number
of cyclically reduced words of length 3 is (2m− 1)3 + 1.
The triangular density model M(m, d) was introduced by Żuk in [50]. For a
fixed density d ∈ (0, 1), a group in the modelM(m, d) is a group Γ = 〈S|R〉, where
|S| = m and R is a set of relators, chosen uniformly among all subsets of cardinality
(2m− 1)3d (rounded to the nearest integer) of the set of cyclically reduced relators
of length 3. A property P for groups is said to hold with overwhelming probability
(w.o.p.) in the triangular density model M(m, d) if
lim
m→∞
P(Γ in M(m, d) has P ) = 1.
In the proofs below, we will use the following – to our purposes more convenient –
version of the triangular model, which was also used by Druţu and Mackay [17].
Definition 7.1. For natural numbers m and N with N ≤ (2m− 1)3 + 1, a group
in the triangular model M′(m,N) is a group Γ = 〈S|R〉, where |S| = m and R is a
random set of relators, chosen uniformly among all subsets of cardinality N of the
set of cyclically reduced relators of length 3.
A closely related model is the binomial triangular model Γ(m, ρ) (see [1]).
Definition 7.2. For ρ ∈ (0, 1), a group in the binomial triangular model Γ(m, ρ)
is a group Γ = 〈S|R〉, where |S| = m and R is a random set of relators, where each
cyclically reduced relator of length 3 is chosen independently with probability ρ.
A property P for groups is said to hold with overwhelming probability (w.o.p.)
in the binomial triangular model Γ(m, ρ) if
lim
m→∞
P(Γ in Γ(m, ρ) has P ) = 1.
In the model M′(m,N), each relator appears with probability N(2m−1)3+1 , so the
modelsM′(m,N) and Γ(m, ρ) are closely related when N and ρ are related through
ρ ∼ N(2m−1)3 .
In order to prove structural properties in the binomial triangular model, one can
typically rely on results on Erdős-Rényi graphs. In particular, we will heavily rely
on the results that we proved in Section 6.
We prove the following result for fixed point properties of actions of random
groups in the binomial triangular model, and then we explain how it implies The-
orem C.
Theorem 7.3. Let η > 0. There is a constant B > 0 and a sequence (um) of
positive real numbers tending to 0 such that the following holds: Let m ∈ N and
ρ ∈ (0, 1). If ρ ≥ (1+η) logm8m2 , then, with probability ≥ 1−um, a group in Γ(m, ρ) has
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property (FX) for every uniformly curved Banach space satisfying ρm2ε(X)2 ≥ B.
In particular, the latter is the case when ε(X) ≥
√
8B
logm .
By the relationship between the models Γ(m, ρ) andM′(m,N) (see [17, Section
10]) this theorem immediately implies the following result.
Corollary 7.4. Let η > 0. There is a constant B′ and a sequence (um) of positive
real numbers tending to 0 such that the following holds: Let m ∈ N and N ∈
[(1+η)m logm, (2m−1)3+1]. With probability ≥ 1−um, a group inM′(m,N) has
property (FX) for every uniformly curved Banach space satisfying ε(X) ≥
√
B′m
N
.
In particular, the latter is the case when ε(X) ≥
√
B′
logm .
Proof. If ρ ∼ N(2m−1)3 , then there exists an η′ > 0 such that the condition N ≥
(1 + η)m logm implies ρ ≥ (1+η′) logm8m2 . 
We can now prove Theorem C.
Proof of Theorem C. The proof is a direct application of Corollary 7.4. Indeed, let
d satisfy (1) for some η > 0, i.e.
d ≥ 1
3
+
log logm− log(2− η)
3 logm
.
It follows that there is an η′ > 0 such that for all m sufficiently large, we have
(2m− 1)3d ≥ (1 + η′)m logm,
which implies the result. 
We deduce Corollary D.
Proof of Corollary D. This is a direct application of Theorem C, since for every
η > 0, for all m sufficiently large, we have the following:
• The condition p ≤
√
(3d−1) logm
η+log 2 implies 2p
−p2 2−
p2
2 ≥
√
Cm
(2m−1)3d .
• For every real K ≥ 1, the condition p ≤
√
(3d−1) logm
η+log(2K) − 12 implies
(2p−
p
2 2−
p2
2 )/K
p(p+1)
2 ≥
√
Cm
(2m− 1)3d .
In particular using the explicit estimates for ε(X) in Remark 5.2, we obtain the
following:
• The condition p ≤
√
(3d−1) logm
η+log 2 implies ε(L
p) ≥
√
Cm
(2m−1)3d
.
• For every α ≥ 1 and every Banach space X which is α-isomorphic to a
subquotient to a 2
p
-Hilbertian space, the condition p ≤
√
(3d−1) logm
η+log(2α) − 12
implies ε(X) ≥
√
Cm
(2m−1)3d .

Let us now prove Theorem 7.3. For every triangular presentation Γ = 〈S|R〉,
i.e. a presentation in which every relator has length 3, the associated Cayley complex
is a simplicial complex, in which the links are all isomorphic to the graph L :=
L(S,R) decribed as follows. The graph L has vertex set S∪S−1 and edges {sx, s−1y },
{sy, s−1z } and {sz, s−1x } whenever sxsysz ∈ R. Note that the edges come in three
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types, corresponding to the order in which the generators sx, sy and sz occur in
the relation sxsysz. This order yields a decomposition of L into three graphs L1,
L2 and L3, where Li has the same vertices as L, but only the edges corresponding
to the appropriate place in the relation. Since such links often have multiple edges,
we will work in the setting of weighted graphs.
When ρ ≥ m−1.42, Γ(m, ρ) is finite with overwhelming probability [50], and in
particular Theorem 7.3 holds for trivial reasons. For ρ ≤ m−1.42 Theorem 7.3 is an
immediate consequence of Theorem A and of the following result.
Proposition 7.5. Let η > 0. There is a constant C and a sequence (um) tending to
0 such that the following holds: Let m ∈ N and ρ ∈ (0,m−1.42). If ρ ≥ (1+η) logm8m2 ,
then the link L := L(S,R) of a group presentation in Γ(m, ρ) satisfies
‖AL‖L20(L,ν) ≤
√
C
ρm2
with probability at least 1− um.
The proof of Proposition 7.5 partly follows the strategy of [1]. However, we need
some adaptations because we want to deal with a more general range of ρ where
the degree sequence in the links is not well concentrated (see Lemma 6.4), and we
aim for a stronger conclusion.
Proof. It is explained in [1] that each Li (as defined above) is essentially an Erdős-
Rényi graph G(2m, ρ′) with ρ′ = 1− (1− ρ)4m−2.
Let us recall how the reduction to the Erdős-Rényi model works. It follows
from the definition that each Li is a graph with vertex set S ∪ S−1, in which the
weights ωi(s, t) (for a set {s, t} of vertices of cardinality 2) are independent and
with binomial distribution B(4m− 4, ρ) if s 6= t−1 and B(4m− 2, ρ) otherwise. Of
course, the weights ω1, ω2 and ω3 are not independent.
Let L′i be the graph obtained from L
i by adding, independently, to every edge
of the form {s, t} with s 6= t−1 a binomial B(2, ρ), so that the weights ω′i(s, t) are
independent and identically distributed binomial random variables B(4m − 2, ρ).
The total number of edges that are added in this way to each vertex s ∈ S ∪S−1 is
a sum of 2m−2 independent binomial B(2, ρ) variables. Hence, it is a B(4m−4, ρ)
random variable. Since the probability that a binomial B(N, ρ) is strictly greater
than 2 is less than N3ρ3, we have that with probability ≥ 1 − 2m(4m − 4)3ρ3 ≥
1−O(m−0.2), to each s ∈ S we have added at most 2 edges.
Let L′′i be the graph obtained from L
′
i by replacing all multiple edges by simple
edges, i.e. by replacing ω′i by ω
′′
i (s, t) = min(ω
′
i(s, t), 1). The graph L
′′
i is an Erdős-
Rényi graph G(2m, ρ′), where ρ′ = 1 − (1 − ρ)4m−2, and ρ′ ∼ 4mρ ≥ (1 + η2 ) logm2m
for m sufficiently large. We make the following claims:
(i) L′′ := L′′1 ∪ L′′2 ∪ L′′3 satisfies the conclusion of the proposition for a certain
constant C′ > 0.
(ii) There is a constant C′′ > 0 such that with high probability, we have dω′′(s) ∈
[C′′−1m2ρ, C′′m2ρ] for every s ∈ S ∪ S−1.
(iii) There exists a constant C′′′ > 0 such that with probability 1− o(1), we have
sups dω′−ω′′(s) ≤ C′′′
√
m2ρ.
These claims imply the proposition, possibly by replacing the constants. Indeed, by
(ii) and (iii) we see that, with high probability, L′′ is obtained from L by adding and
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then removing edges in a way that changes the degree of every vertex by a factor
in
[
1−O
(
1√
m2ρ
)
, 1 +O
(
1√
m2ρ
)]
. Lemma 6.4 therefore implies that, with high
probability,
‖A0L‖ ≤ ‖A0L′′‖+
C′√
m2ρ
.
By (i) we obtain the conclusion.
Let us prove the claims.
(i): It follows from Theorem 6.3 that there is a constant C′ > 0 such that
if ρ′ ≥ (1+η) log(N)
N
, then a graph in G(N, ρ′) satisfies ‖A0‖ ≤
√
8C′
Nρ′
with high
probability. Here we have N = 2m and ρ′ = 1 − (1 − ρ)4m−4 ≃ 4mρ ≥ (1+η) logm2m ,
so we get that, with high probability, ‖A0
L′′
i
‖ ≤
√
C′
m2ρ
. One concludes by Lemma
6.2 and Proposition 6.5.
(ii): This is Lemma 6.1.
(iii): Denote by εi(s, t) the random variable equal to 1 if (ω′i − ω′′i )(s, t) > 0 and
equal to 0 otherwise. These are independent and identically distributed Bernoulli
variables with expectation O(m2ρ2). Since the probability that ω′i(s, t) is strictly
greater than 4 is O((ρm)5) = O(m−2.1), we obtain that with probability 1− o(1),
we have maxs,t ω′i(s, t) ≤ 4, i.e. ω′i − ω′′i ≤ 4εi. So it is enough to prove that
(14) sup
s
∑
t
εi(s, t) ≤
√
m2ρ
4
with probability 1− o(1). But for each s, ∑t εi(s, t) is a binomial random variable
with expectation O(m3ρ2). Moreover by the assumption that ρ ≤ m−1.42, m3ρ2 =
o(
√
m2ρ), so (14) follows from the standard concentration phenomenon for binomial
random variables. 
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